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Abstract
Linear response theory is reviewed in a propagator formalism to treat lin-
ear response and real time (RT) time dependent density functional theory
(TDDFT) in a common framework for the calculation of linear response
tensors. The importance of an additional term in the definition of the mo-
mentum for a description in the velocity representation as well as an origin
independent linear magnetic response in the presence of non-local pseudo
potentials is discussed. The origin and meaning of the terms ’representa-
tion’ and ’gauge’ are explored and simulations of absorption and electronic
circular dichroism spectra with RT-TDDFT are presented. The calculation
of the electro-magnetic linear response functions has been implemented into
the package CP2K using the gaussian and (augmented) plane wave method.
Keywords: real time propagation, electronic circular dichroism, gauge
invariance, origin independence, pseudo potentials, time-dependent density
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1. Introduction
Starting with Yabana’s and Bertsch’s application of real time propaga-
tion techniques in the local density approximation of Kohn–Sham density
functional theory (KS-DFT) [1] to the calculation of spectroscopic proper-
ties [2, 3], subsequent work showed the advantages and versatility of real
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time time dependent density functional theory (RT-TDDFT). Later Yabana
presented two implementations of RT-TDDFT, one in the length gauge (LG)
and the other in the velocity gauge (VG) [4] for the application to infinitely
periodic systems. The latter only gained wider attention recently [5, 6, 7].
Notable applications of RT-TDDFT to spectroscopy include, among oth-
ers, the description of absorption spectra [8, 9], plasmon resonance [10,
11], Raman spectra [12, 13, 14, 15], electronic circular dichroism (ECD)
spectra[16, 17], relativistic two- and four component KS-DFT [18, 19] [20],
dielectric response of dye molecules on nano particles [21] and core level X-
ray absorption [19] [22, 23, 24, 25], excited state absorption [26], and even
non-linear protocols [27]. Reviews of RT-TDDFT can be found e. g. in
Refs. [28, 29].
In many modern quantum chemistry packages pseudo potentials are used
to describe core electrons in order to allow faster simulation times and to
exploit the advantages of a plane wave grid in reciprocal space, respectively.
The presence of non-local potentials complicates the simulation of the in-
teraction of the system of interest with electro-magnetic fields, especially if
a description of magnetic phenomena, such as ECD, is desired. Here the
operators have to be transformed appropriately to a pseudo potential repre-
sentation [30, 31], in order to retain gauge invariance of the description via
the time dependent Kohn–Sham (TDKS) equations [32].
Simulations of ECD spectra are challenging, because the electric-dipole–
magnetic-dipole tensor in the standard formulation (length representation)
is origin dependent and the ECD spectra show also an origin dependence
which only vanishes in the complete basis set limit. Two widely known
strategies to overcome this problem have been suggested: 1. The use of
London atomic orbitals [33, 34, 35, 36], which include a term dependent on
the vector potential in the description of the atomic orbitals. 2. Switching
to the velocity representation of the electric-dipole–magnetic-dipole tensor,
which leads to origin independent ECD spectra [37]. In the framework of
linear response (LR-) TDDFT, the length, mixed, and velocity representation
of the electric-dipole–electric-dipole linear response tensor (polarizability)
or the length and velocity representation of the electric-dipole–magnetic-
dipole tensor are well known concepts [38, 39, 40, 41, 42, 43, 44, 45][46], and
their relation to each other and to the choice of gauge has a long history
[47, 48, 49, 50, 51, 52, 53]. Of course, the use of non-local pseudo potentials
induces another layer of complexity.
This work uses the propagator formulation of linear response theory in
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order to treat LR- and RT-TDDFT on equal footing. Additionally, it covers
the complications introduced by the use of non-local pseudo potentials for
the calculation of absorption and ECD spectra and presents a way to achieve
gauge invariant and origin independent results for the simulation of linear
response spectroscopy within RT-TDDFT.
After presenting the linear response theory framework in Sec. 2.1, its ap-
plication to the simulation of absorption spectroscopy is given in Sec. 2.2.
In Sec. 2.2.1 the Thomas–Reiche–Kuhn sum rules is discussed for absorption
spectra calculated with non-local potentials. In Sec. 2.3 the length and ve-
locity gauges are reviewed and in Sec. 2.4 the application to linear response
theory for the simulation of ECD spectra is given with special emphasis on
non-local pseudo potentials and origin independence. A short overview on
the implementation and computational details of the calculations is given in
Sec. 3. The implications of the theory presented in Sec. 2 are discussed in
detail for the simulation of absorption spectra in Sec. 4.1 and ECD spectra




For the sake of brevity the unperturbed, non-relativistic electronic Hamil-




+ V̂ loc + V̂ nl (1)
where V̂ loc groups all local potentials and V̂ nl stands for non-local potentials,
e. g. for the non-local part of pseudo potentials. p̂ is the canonical momen-
tum operator which is related to the position operator r̂ by the canonical
commutator relations
[r̂α, p̂β ] = i~δαβ , [p̂α, p̂β ] = [r̂α, r̂β ] = 0. (2)
Greek indices denote the (x, y, z)-components of tensors throughout this
work. The Einstein summation convention is assumed. The formula for the
velocity representation (or ’form’) of electric transition dipole moments is













Thus, the electric transition dipole moment between two electronic energy
eigenstates |a〉 and |b〉 of Ĥ0 becomes



















where e is the elementary charge, ~ is the reduced Planck constant, me the
rest mass of an electron, and Ea and Eb are the electronic energies belonging
to states |a〉 and |b〉. In the following section a different angle on the ve-
locity representation is provided in terms of propagators (or linear response
functions) [54].
2.1. Propagator formulation of linear response
In general, spectroscopic properties can be obtained from (linear and non
linear) response functions [55]. The linear (time domain) response function
for observable B̂ with respect to a time-dependent perturbation
Ĥ1(t) = −Âf(t) (5)
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is implicitly defined by [56]
〈B̂(t)〉 − 〈B̂〉0 =
∫ t
−∞
dt′ 〈〈B̂(t); Â(t′)〉〉f(t′) (6)
where the propagator notation 〈〈·; ·〉〉 for the linear response function is
adapted from Ref. [54]. Under the assumption that perturbations are applied
independently from each other, the linear response function only depends on
time differences t− t′ [56]. The time dependence of Â in the linear response
function is thus to be understood as to state that it is applied at the time
t′ with the explicit time dependence given by f(t′). The notation 〈·〉 is used
for the expectation value of B̂,
〈B̂(t)〉 = Tr[ρ(t)B̂]. (7)
Here ρ(t) is the time-dependent density matrix. 〈B̂〉0 denotes that the den-
sity matrix is the stationary one (ρ0, i. e. the solution of the unperturbed
problem, Eq. (1)).
Utilizing the properties of Fourier transforms (FTs), taking care of causality
and introducing a damping factor ǫ in order to switch on the perturbation
adiabatically leads to the frequency domain representation of the linear re-
sponse function [56]
〈〈B̂; Â〉〉ω = 〈B̂(~ω)〉/f(~ω) (8)
which forms a FT pair with its time domain representation. Note that here
the subscript ω is used to denote the energy/frequency domain; in order to











and f(~ω) is the FT of f(t). Eq. (8) is the working equation for linear
response in RT-TDDFT: The linear response function is obtained essentially
by tracking the time evolution of the desired observable with respect to a
perturbation and taking the Fourier transform (in this work, this process is
henceforth referred to as ’measurement’).
In linear response, both a time domain (Kubo formula) [57]








and a frequency domain representation [54]








ω − (ωn − ω0) + iǫ
−
〈0|Â|n〉 〈n|B̂|0〉




of the propagator (or linear response function) can be derived. The latter
is the equation which is solved for in LR-TDDFT, most commonly in either
Casida’s [58] or Sternheimer’s [59] formalism. Note, that both of these ex-
pressions (Eqs. (10) and (11)) do not include any reference to the functional
form of the perturbation f(t) and only carry the assumption that it is weak.
The following equivalent equations of motion hold for the frequency domain
propagator [54]:
~ω〈〈Â; B̂)〉〉ω = 〈[Â, B̂]〉0 + 〈〈[Â,H]; B̂〉〉ω
= 〈[Â, B̂]〉0 + 〈〈A; [H, B̂]〉〉ω.
(12)
This equation provides a natural way to apply length, mixed and velocity
representations [60] in RT- and LR-TDDFT as will be shown in the following.
It is important to note that the commutator relations used in Eq. (12) are
only valid for a complete basis set [37].
2.2. Length, mixed, and velocity representations of the electric-dipole–electric-
dipole polarizability in the propagator formulation
The electric-dipole–electric-dipole polarizability ααβ is related to the prop-
agator 〈〈r̂α; r̂β〉〉ω as [61]
ααβ(~ω) = −e
2〈〈r̂α; r̂β〉〉ω (13)




Tr {Im [〈〈r̂α; r̂β〉〉ω]} (14)
Applying Eq. (12) for the Hamiltonian in Eq. (1) to Eq. (13) one arrives at




























































of the electric-dipole–electric-dipole polarizability. The modified definition
of the momentum operator p̂gen will be called generalized momentum in this
work (not to be confused with the term generalized momentum used in La-










If there are no non-local potentials, of course p̂genα = p̂α.
This formulation has the advantage of being immediately applicable to
RT-TDDFT: A perturbation in the electric dipole approximation (Â = −er̂)
and a measurement (i. e. tracking of the time evolution) of the electric
dipole moment gives 〈〈r̂α; r̂β〉〉ω via Eq. (8), while a measurement of the
(generalized) momentum p̂gen gives 〈〈p̂genα ; r̂β〉〉ω. An overview over the dif-
ferent representations is given in Tab. 1. Note that according to Eq. (12)
in a calculation of the electric-dipole–electric-dipole polarizability in either
mixed or velocity representation the generalized momentum is necessary in
the presence of non-local pseudo potentials.
propagator measurement perturbation
〈〈r̂α; r̂β〉〉ω r̂α r̂β
〈〈r̂α; p̂
gen
β 〉〉ω r̂α p̂
gen
β










Table 1: Different representations of the propagators for an RT-TDDFT calculation of the
electric-dipole–electric-dipole response tensor including non-local potentials. The propa-
gators are related to each other according to Eqs. (15) and (16).
2.2.1. Thomas–Reiche–Kuhn sum rule
The absorption strength function Eq. (14) fullfills the Thomas–Reiche–




d(~ω) S(~ω) = Ne (18)
where Ne is the number of electrons in the system.
As pointed out by Starace [52] the sum rule for the absorption strength

















2.3. Length and velocity gauge
The starting point for the description of the interaction between electro-
magnetic radiation and a molecular system is usually the minimal coupling











− eU(~r, t) + V̂ loc(~r) (20)
where Aα(~r, t) are the components of the vector potential and U(~r, t) is the
scalar potential, and the ~r and t dependence are explicitly denoted. The time-








A(~r, t)2 − eU(~r, t). (21)
In most cases one reverts to the long wave approximation, where one assumes
that the vector potential is constant in space over the system size Aα(~r, t) =
Aα(t). The magnetic field vanishes in the long wave approximation. The
description of the system in the KS-framework is gauge invariant [64, 32]
under a gauge transformation [65]
A′α(t) = Aα(t) +∇χ(~r, t)

















where the scalar function χ(~r, t) can be chosen freely, Ψ(~r, t) is any wave
function and Ô a generic operator. A common gauge transformation is the
Göppert-Mayer gauge transformation [66] with χ(~r, t) = −r̂αAα(t). This
transformation has the effect that the vector potential vanishes and the per-
turbation Hamiltonian becomes linear in the electric field perturbation
Ĥ ′1(t) = −er̂αEα(t) (23)
where Eα(t) are the components of the electric field. This well-known ex-
pression is usually referred to as electric dipole approximation [67].
In (RT-)TDDFT there are two common choices of gauge [32]: 1. The length
gauge (LG), where the perturbation is described by Eq. (23) and ALGα = 0,
and 2. the velocity gauge (VG), where the perturbation is described by
Eq. (21) with UVG = 0.
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The formulae for the different representations of the electric-dipole–electric-
dipole polarizability presented in Sec. 2.1 are not applicable to the pertur-
bation described in Eq. (21), since it contains a term which is quadratic in
the perturbation [63]. However, if the perturbation is sufficiently weak, the
quadratic term may be neglected. In that case, up to linear response, the
length, mixed and velocity representations actually are related to a descrip-
tion in the length and velocity gauge in the following way: The propagator
(or linear response function) in the VG corresponds to a perturbation pro-
portional to the momentum 〈〈·; p̂β〉〉 and thus gives the mixed or velocity
representation, depending on the measurement.
Nonetheless, length and velocity representation (or form) and length and
velocity gauge are not the same, if a description beyond linear response is
required.
A disussion of length and velocity representations in LR-TDDFT and their
role in a description beyond the dipole approximation can be found in Ref. [68].
2.4. Electric-dipole–magnetic-dipole polarizabilty (ECD)
The ECD spectrum is related to the electric-dipole–magnetic-dipole po-
larizabilty [61]
Gαβ = −e〈〈m̂α; r̂β〉〉ω (24)




Tr {Re [〈〈m̂α; r̂β〉〉ω]} (25)








ǫαβγ r̂β p̂γ (26)
where l̂α is the angular momentum operator and ǫαβγ is the totally antisym-
metric (Levi–Civita) tensor. It was shown that in the presence of non local
potentials a modified version of the angular momentum operator in Eq. (26)
is required in order to ensure gauge invariance [70, 31]. The modification
demands the use of the generalized instead of the canonical momentum in







For a consistent terminology this definition is called here generalized magnetic
dipole moment and has to be used also if the magnetic field vanishes, as in
9
the long wave approximation, if a gauge invariant description of magnetic
phenomena is to be achieved [16, 71].
Applying Eq. (12) for a Hamiltonian of the form in Eq. (1) to the linear
response function in Eq. (24) gives
~ω〈〈m̂genα ; r̂β〉〉ω =〈[m̂
gen
α , r̂β ]〉0 + 〈〈m̂
gen























In Tab. 2 the length and velocity representation of the electric-dipole–magnetic-
dipole tensor are listed, which are related by Eq. (28). Of course, also a
magnetic perturbation could be applied while measuring either the electric
dipole moment or generalized momentum giving response functions of the
form 〈〈·; m̂genβ 〉〉ω. However this would require a description beyond the elec-
tric dipole approximation which was not carried out in this work.
propagator measurement perturbation










Table 2: Different representations of the propagators for an RT-TDDFT calculation of
the electric-dipole–magnetic-dipole response tensor including non-local potentials. The
propagators are related to each other according to Eq. (28).
2.4.1. Origin dependence
As opposed to the electric-dipole–electric-dipole tensor the electric-dipole–
magnetic-dipole tensor Gαβ is origin dependent [69], which stems essentially
from the dependence of the angular momentum operator l̂α under a shift of









In principle, experimental observables, as e. g. the ECD spectrum, should
be invariant under such a shift. However, as amply discussed in literature
magnetic linear response calculations show an origin dependence if an in-
complete basis set is used [72, 73, 74, 61, 37, 16]. Common approaches to
this difficulty are either London atomic orbitals [33] or a description in the
velocity representation [37]. In this work the latter will be discussed in a
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RT-TDDFT framework. Explicitly calculating the origin dependence of the
electric-dipole–magnetic-dipole tensor in the length representation gives ac-
cording to Eqs. (11) and (29)
〈〈m̂gen,O+aα ; r̂
O+a
β 〉〉ω = 〈〈m̂
gen,O





δ ; r̂β〉〉ω (30)







































For an incomplete basis set, in general, 〈〈p̂genα ; r̂δ〉〉ω 6= 〈〈p̂
gen
δ ; r̂α〉〉ω, which
leads to an origin dependence also of the spectrum. For a complete basis set
and variational methods these linear response functions are equal, as shown
in App. Appendix A, which is why the length representation becomes origin
independent in the basis set limit.
The explicit origin dependence of the electric-dipole–magnetic-dipole ten-
sor in the velocity representation is
〈〈m̂gen,O+aα ; p̂
gen,O+a












and thus for the trace in Eq. (25) (note that the first term in the last line of























































Since in general 〈〈p̂genα ; p̂
gen




α 〉〉ω also holds for a finite basis set,
one expects the velocity representation of the electric-dipole–magnetic-dipole
tensor to be origin independent irrespective of the basis set size.
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3. Computational details
The RT-TDDFT calculations presented in this work were carried out
using a modified version of the package CP2K [75, 76, 77]. Its RT-TDDFT
implementation [78] solves the time dependent KS equations iteratively, using
the always stable predictor correlator method [79] to extrapolate the density
self consistently in time. Several options are available for the calculation
of the propagator and the approximation of the matrix exponential [80].
Here either the enforced time reversible symmetry or exponential midpoint
method was used to calculate the propagator. For the calculation of the
matrix exponential the Arnoldi subspace algorithm [81] was employed. The
Gaussian and plane wave (GPW) method was used with Goedecker–Teter–
Hutter (GTH) pseudo potential basis sets [82]. Additionally the Gaussian
and augmented plane wave (GAPW) method [83] was used for calculations
using all electron basis sets [84, 85]. All calculations were carried out using
the PBE exchange–correlation functional [86].
In RT-TDDFT the form of the perturbation was chosen to be a δ-pulse, i. e.
f(t) = δ(t) in Eq. (5). The perturbation in the length representation is done












which gives the required perturbation (~κ gives the strength and direction
of the pulse). For the perturbation in the velocity representation density
functional perturbation theory is used on the converged ground state for the














where ǫj are the eigenvalues of the KS matrix. This is essentially the solution
of Sternheimer’s equation in the space of occupied and virtual groundstate
orbitals. If GTH-pseudo potentials[87], which involve a non-local part, are
used the momentum operator is modified according to the algebra in Eq. (15)
including the commutator of the position operator with the non-local part of
the pseudo potential.
This implementation of a δ-pulse in the velocity representation for the per-
turbation (essentially Eq. (4)) already takes care of a factor of ω in Eq. (16),
so that the absorption spectrum is calculated either using Eq. (14) if the






Tr {Im [〈〈p̂genα ; ·〉〉ω]} (36)
if the response function used is of the form 〈〈p̂gen; ·〉〉ω (’measurement’ of the
generalized momentum). Note that the prefactors change if a momentum
perturbation is used.
During the time evolution the expectation values of several one-electron
operators (electric dipole moment, magnetic dipole moment, linear momen-
tum) are tracked simultaneously, including the commutator of the position
operator with the non-local part of the pseudo potential if necessary.
For the RT-TDDFT calculations a time step of 0.1 a. u. was used for calcu-
lations using the GPW method and a time step of 0.05 a. u. for calculations
with the GAPW method, since it appeared to be numerically less stable .
The damping factor in Eq. (9) was set to 0.1 eV ≈ 0.0037 a. u. in all calcu-
lations. Each calculation was at least run for a total time of 3000 a. u.
The reference point for the position operator was set to the molecule’s center
of mass, if not mentioned otherwise.
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4. Results and discussion
This section is structured as follows: In the first paragraph (Sec. 4.1) the
different representations of the electric-dipole–electric-dipole tensor listed in
Tab. 1 are examined for the calculation of the absorption spectrum of (R)-
methyloxirane with respect to the inclusion of the generalized momentum,
basis set dependence, and sum rules. In the second paragraph (Sec. 4.2) the
same properties are evaluated for the length and velocity representation of the
electric-dipole–magnetic-dipole tensor for the calculation of ECD spectra of
(R)- and (S)-methyloxirane. Additionally, the origin dependence of the ECD
spectrum is investigated for the different representations.
4.1. Absorption spectra
Here the different representations of the electric-dipole–electric-dipole po-
larizability are examined with respect to the impact of the generalized mo-
mentum in Sec. 4.1.1, the basis set dependence in Sec. 4.1.2, and sum rules
in Sec. 4.1.3. Note that the first term in the last line of Eq. (16) is purely
real and does not contribute to the absorption strength function in Eq. (14).
4.1.1. Representations
According to Eqs. (15) and (16) the use of the generalized momentum in-
stead of the canonical momentum as either perturbation or observable in an
RT-TDDFT calculation is vital in the presence of non-local potentials. In or-
der to examine its influence, the absorption spectrum of (R)-methyloxirane
was calculated for the aug-QZV2P-GTH basis set for different representa-
tions of the electric-dipole–electric-dipole polarizability, either including the
commutator in Eq. (17) or not. The resulting spectra are shown in Fig. 1.
As expected from Sec. 2.2 the linear response function has to be calculated
using the generalized momentum in order to achieve an equivalent result in
each of the four representations mentioned in Tab. 1. However, compared to
a calculation using the canonical momentum the differences affect mostly the
absolute intensities and only in rare instances also the shape of the peaks. In
the language of LR-TDDFT the excitation energies are unaffected but the
oscillator strengths are.
Note that we observed an offset between limω→0 S(~ω) and limω→∞ S(~ω)
when using a representation that involves measuring either the canonical or
the generalized momentum. This offset is corrected for in Fig. 1 so that the
























































Figure 1: Absorption spectra of (R)-methyloxirane for the aug-QZV2P-GTH pseudo po-
tential basis set calculated from different representations of the linear response function.
Left hand side (LHS): Using the canonical momentum. Right hand side (RHS): Using the
generalized momentum.
4.1.2. Basis set dependence
Since the change of representations is only exact for a complete basis set,
a difference between the representations of the electric-dipole–electric-dipole
response tensor is expected. For the aug-QZV2P-GTH basis set (see Fig. 1,
RHS) this difference is barely noticeable. In order to investigate this issue the
same set of calculations was carried out for the medium sized DZVP-GTH





















































Figure 2: Absorption spectra of (R)-methyloxirane for the DZVP-GTH pseudo potential
basis set calculated from different representations of the linear response function. LHS:
Using the canonical momentum. RHS: Using the generalized momentum.
Again we observe rather large deviations in the absolute intensities when
the canonical momentum is used while the calculations employing the gen-
eralized momentum show a more consistent picture between the different
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representations in Tab. 1: Already for the DZVP-GTH basis set the differ-
ences between the length, mixed, and velocity representations are small and
affect only the absolute intensities, if the generalized momentum is used. As
shown in the previous section (Sec. 4.1.1) these differences can be eliminated
by using an appropriately large basis set.
Another point of interest is the comparison of pseudo potential and all
electron basis sets, for which p̂ = p̂gen. In Fig. 3 the absorption strength func-
tion is shown for the different representations of the electric-dipole–electric-



















































Figure 3: Absorption spectra of (R)-methyloxirane calculated for the aug-QZV2P-GTH
pseudo potential and the all electron aug-cc-pVQZ basis set using different representations
of the electric-dipole–electric-dipole response tensor. LHS: First few excitations. RHS:
Larger energy range.
As expected for this large basis set all representations listed in Tab. 1
agree. For completeness the absorption strength function obtained with the
aug-QZV2P-GTH pseudo-potential basis set is also shown and there is very
good agreement between the absorption spectrum simulated with these two
basis sets in excitation energy and intensity in the low frequency part. Of
course, only the all electron basis set is able to capture core level excitations as
e. g. necessary for the simulation of X-ray absorption spectra, as illustrated
by the RHS in Fig. 3.
4.1.3. Thomas–Reiche–Kuhn sum rule
A good test for the implementation of linear response calculations in
the dipole approximation [68] are sum rules. The most important one for
absorption spectra is the Thomas-Reiche-Kuhn (TRK) sum rule stated in
Eq. (18) (and Eq. (19) if non-local potentials are present). In RT-TDDFT the
evaluations of this sum rule can be done by integrating the full spectrum (as
16
e. g. in the RHS of Fig. 3) numerically. In the case of non-local potentials the
expectation value of the double commutator in Eq.(19) has to be taken into
account. The results using the aug-cc-pVQZ all electron, the aug-QZV2P-
GTH, and the DZVP-GTH pseudo potential basis sets are shown in Tab. 3.




Table 3: Evaluation of the TRK sum rule for the absorption spectrum of (R)-
methyloxirane.
For the aug-cc-pVQZ all electron basis set the TRK sum rule is only
approximately fulfilled. One of the reasons may be that the GAPW method
appears to be numerically less stable compared to the GPW method during
the real time propagation.
For the aug-QZV2P-GTH pseudo potential basis set, the TRK sum rule
is very well fulfilled. The contribution of the commutator term in Eq. (19) is
less than 0.05. Here also a convergence with the basis set size is observed as
shown for DZVP-GTH compared to the larger aug-QZV2P-GTH basis set.
Note, that the electrons included in the pseudo potential description do not
appear in the sum rule.
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4.2. ECD spectra
In this section the calculation of the rotatory strength function (see
Eq. (25)) in RT-TDDFT is evaluated. The basis set dependence and the
influence of the generalized momentum in the presence of non-local pseudo
potentials are discussed. Additionally the origin dependence of the resulting
spectra is examined with respect to these parameters.
4.2.1. Representations and basis set dependence
The length and velocity representation of the electric-dipole–magnetic-
dipole response tensor for the calculation of the rotatory strength function
in Eq. (25) are listed in Tab. 2 and related by Eq. (28). In order to in-
vestigate the impact of either using the canonical or the generalized mo-
mentum in Eq. (28), calculations were carried out for the ECD spectrum
of (R)-methyloxirane and the resulting spectra for different basis sets and




























































Figure 4: ECD spectrum of (R)-methyloxirane calculated in the length and velocity rep-
resentation taking into account the generalized momentum (LHS) or not (RHS).
As apparent from the discussion of the theory in Sec. 2.4, the use of the
generalized momentum is crucial in the presence of non-local potentials, both
for achieving a gauge invariant description (see Eq. (27)) and for achieving
an equivalence between the length and velocity representation according to
Eq. (28). The calculations shown in Fig. 4 support this by the following
points:
Firstly, there is no noticeable difference between the length and velocity
representation if the generalized magnetic dipole moment is used (Eq. 27),
and the generalized momentum is employed to switch between representa-
tions (Eq. (28)) (see Fig. 4, LHS).
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Secondly, if the generalized momentum is neglected in the definition of the
generalized magnetic dipole operator (see Eq. (27)), the spectrum shows (al-
though small) deviations in absolute intensities in the length representation
(dotted red line, RHS). This is also the case for the velocity representation
including the generalized momentum (dashed bright yellow line, RHS).
Thirdly, if the generalized momentum is neglected when switching to the
velocity representation (see Eq. (28)) the spectrum shows more significant
differences in intensities and peak shapes even if the definition of the gen-
eralized magnetic dipole moment is used (solid green line, RHS). The same
holds true also if the generalized momentum is omitted in the definition of
the generalized magnetic dipole moment (see Eq. 27) (dashed orange line,
RHS).
In summary, omitting the generalized momentum when switching to the
velocity representation seems to have a more significant influence than omit-
ting it in the definition of the generalized magnetic dipole moment. However,
all deviations mentioned above are rather small and the spectra agree quali-
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Figure 5: ECD spectrum of (R)-methyloxirane calculated in the length (solid blue) and ve-
locity (dashed orange) representation for the aug-cc-pVQZ all electron basis set compared
to the aug-QZV2P-GTH pseudo potential basis set (dotted black).
In Fig. 5, a comparison of the ECD spectrum calculated with aug-QZV2P-
GTH pseudo potential basis set and the aug-cc-pVQZ all electron basis set is
shown. The spectra agree qualitatively well if the generalized momentum is
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used for the calculation of the electric-dipole–magnetic-dipole response tensor
both for switching to the velocity representation and in the definition of the
magnetic dipole moment. Also, there is no noticeable difference between
the length and velocity representation using the all electron basis set, which
indicates that the basis set limit is reached.
As a next step, the basis set dependence of the length and velocity rep-





































































Figure 6: ECD spectrum of (R)-methyloxirane calculated in the length and velocity rep-
resentation for the two different pseudo potential basis sets. LHS: Comparison of length
and velocity representation for the DZVP-GTH and TZV2P-GTH basis sets respectively.
RHS: ECD spectra in the TZV2P-GTH basis set if the generalized momentum is not taken
into account.
It is immediately apparent that the results for both the DZVP-GTH basis
set and the TZV2P-GTH basis set do not agree with the aug-QZV2P-GTH
basis set concerning position, intensities and relative signs of the peaks. This
suggests that a large basis set is essential for the simulation of ECD spectra.
Also the length and velocity representations taking into account the gen-
eralized momentum show noticeable differences, converging for the TZV2P-
GTH basis set (Fig. 6, LHS).
Again, omitting the generalized momentum in the definition of the gen-
eralized magnetic dipole moment (see Eq. (27)) or when switching to the
velocity representation (see Eq. (28)) leads to deviations in intensity (see
Fig. 6, RHS), comparable to those described for Fig. 4. However, the spec-




As discussed in Sec. 2.4.1 the ECD spectrum calculated in the length
representation and in a finite basis set is found to be origin dependent. For all
electron basis sets this can be overcome by reaching for the complete basis set
limit. For pseudo potential basis sets, in addition the velocity representation
according to Eq. (28) and the definition of the generalized magnetic dipole
moment in Eq. (27) have to be used.
The ECD spectrum for the aug-cc-pVQZ all electron basis set and the
aug-QZV2P-GTH basis set for different representations and reference points
is shown in Fig. 7. Note that for the all electron basis set, m̂gen = m̂ and
that the reference point for the position operator is the molecule’s center of
mass (c.o.m.) placed at the center of the simulation cell, so that a reference




















































Figure 7: ECD spectrum of (R)-methyloxirane calculated for different reference points of
the position operator. LHS: aug-cc-pVQZ all electron basis set. RHS: aug-QZV2P-GTH
pseudo potential basis set.
Firstly, the ECD spectrum calculated with the aug-cc-pVQZ all electron
basis set is origin independent irrespective of which representation is used,
apart from a few barely noticeable differences in intensity. This is an indica-
tion that the basis set is approaching completeness in order to make Eq. (4)
hold.
Secondly, the ECD spectrum calculated with the aug-QZV2P-GTH pseudo
potential basis set taking into account the generalized momentum for switch-
ing representations in Eq. (28) and the definition of the generalized magnetic
dipole moment in Eq. (27) shows only a very slight origin dependence in the
length representation (dashed orange line in Fig. 7, RHS), which may also
vanish by approaching the basis set limit.
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In Fig. 8, ECD spectra are shown for the aug-QZV2P-GTH pseudo po-
tential basis set and a shifted reference point of the position operator, if
the generalized momentum is not taken into account, either for switching





























Figure 8: ECD spectrum of (R)-methyloxirane for a shifted reference point, calculated
in length and velocity representations while not taking the generalized momentum into
account. Basis set: aug-QZV2P-GTH.
Even if the deviations between different representations for the reference
point set to the c.o.m. of the molecule were still giving qualitatively reason-
able results (see Fig. 4), a shift of the reference point leads to vastly different
spectra if the generalized momentum is not taken into account. Only the
first peak in the spectrum can be reproduced. This means that especially
for larger molecules a description according to Eq. (27) and Eq. (28) is es-
sential in order to get meaningful ECD spectra in the presence of non-local
potentials.
Note that the length (solid red line) and velocity representation (solid
yellow line) while omitting the generalized momentum in the definition of
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the generalized magnetic dipole moment agree rather well with each other
also for the shifted origin, but show a significant origin dependence compared
to the spectrum obtained with the reference point set to the c.o.m (solid black
line).
These finding show that taking into account the generalized momentum
both for switching to the velocity representation and in the definition of
the magnetic dipole moment are crucial in order to achieve origin indepen-
dent and gauge invariant ECD spectra in the presence of non-local poten-
tials. Note that the components of the electric-dipole–magnetic-dipole tensor
themselves are not origin independent, only the ECD spectrum is.
In Fig. 9 the origin dependence of the ECD spectra is shown for the
smaller DZVP-GTH and TZV2P-GTH basis sets, taking the generalized mo-
mentum in Eq. (28) and in Eq. (27) into account. It is apparent, that the
velocity representation (dashed orange and red lines) does not show any ori-
gin dependence as expected from Eq. (33) while the length representation
(solid blue line) shows a significant origin dependence for smaller basis sets,



































































Figure 9: ECD spectrum of (R)-methyloxirane calculated in the length and velocity repre-
sentation taking into account the generalized momentum for different reference points for
the moment calculation. LHS: DZVP-GTH pseudo potential basis set. RHS: TZV2P-GTH
pseudo potential basis set.
For completeness an ECD spectrum of both (R)- and (S)-methyloxirane







































Figure 10: ECD spectrum of (R)- and (S)-methyloxirane calculated in length and velocity
representations. Basis set: aug-QZV2P-GTH.
5. Conclusion
The calculation of spectroscopic (linear) response tensors was reviewed
and presented in a propagator formulation in order to allow the treatment of
LR- and RT-TDDFT on equal footing. Moreover differences in the meaning
of length, mixed, and velocity representations, and length, and velocity gauge
were pointed out. According to the propagator formalism, in the presence
of non-local potentials, as e. g. the use of non-local pseudo potentials, the
calculation of linear response functions in a mixed or velocity representa-
tion requires taking into account the generalized momentum, instead of the
canonical momentum.
The theoretical findings were implemented and tested using the GPW
and GAPW methods of the package CP2K and applied in the length gauge
formulation of RT-TDDFT to calculate absorption and ECD spectra of (R)-
methyloxirane.
For the calculation of absorption spectra (electric-dipole–electric-dipole
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linear response tensor) it was found that the inclusion of the generalized
momentum is vital for an equivalence of length, mixed, and velocity repre-
sentations in the basis set limit using non-local pseudo potentials. Moreover,
the TRK sum rule was found to be fulfilled in the basis set limit for calcula-
tions involving non-local pseudo potentials.
For the calculation of ECD spectra (electric-dipole–magnetic-dipole lin-
ear response tensor) taking the generalized momentum into account in the
presence of non-local potentials is necessary for
1. the definition of the magnetic dipole moment,
2. switching to the velocity representation.
These two points are vital if an equivalence between length and velocity
representation is to be achieved in the basis set limit. In addition, they are
essential to obtain origin independent results in the velocity representation.
It was demonstrated that even for small basis sets an origin independent
description of the ECD spectrum can be achieved in RT-TDDFT in the
presence of non-local pseudo potentials, if the generalized momentum is used
appropriately. In our example, the calculation of ECD spectra shows a larger
basis set dependence than the calculation of absorption spectra.
In general, real time propagation provides a complementary picture to
frequency domain approaches and has distinct advantages: It gives the whole
frequency range in just one simulation run, is not restricted to a small energy
window, and does not become significantly more difficult if the density of
states increases. RT-TDDFT thus offers an attractive way to obtain ECD
spectra for large systems due to its favorable scaling properties, which can
be further exploited in future work.
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Appendix A. Symmetry of the electric-dipole–electric-dipole re-
sponse tensor
According to the equation of motion for the propagators Eq. (12) one
obtains two equivalent relations between length and mixed representation of











Exploiting the symmetry of the electric-dipole–electric-dipole response tensor
〈〈r̂α; r̂β〉〉ω = 〈〈r̂β ; r̂α〉〉ω (A.3)
one can write equivalently
~ω〈〈r̂β ; r̂α〉〉ω =
i~
me







and thus conclude that
〈〈p̂genα ; r̂β〉〉ω = 〈〈p̂
gen
β ; r̂α〉〉ω (A.6)
〈〈r̂α; p̂
gen
β 〉〉ω = 〈〈r̂β ; p̂
gen
α 〉〉ω. (A.7)
Since Eq. (12) only holds true for a complete basis set, Eqs. (A.6) and (A.7)
approach equivalence only in the complete basis set limit.
26
References
[1] K. Yabana, G. F. Bertsch, Time-dependent local-density approximation
in real time: Application to conjugated molecules, International Jour-
nal of Quantum Chemistry 75 (1) (1999) 55–66. doi:10.1002/(SICI)
1097-461X(1999)75:1<55::AID-QUA6>3.0.CO;2-K.
[2] K. Yabana, G. F. Bertsch, Time-dependent local-density approximation
in real time, Phys. Rev. B 54 (7) (1996) 4484–4487. doi:10.1103/
PhysRevB.54.4484.
[3] K. Yabana, G. F. Bertsch, Approximation in Real Time : Application
to Conjugated Molecules, Int. J. Quant. Chem. 75 (1999) 55–66.
[4] K. Yabana, T. Nakatsukasa, J. I. Iwata, G. F. Bertsch, Real-time, real-
space implementation of the linear response time-dependent density-
functional theory, Physica Status Solidi (B) Basic Research 243 (5)
(2006) 1121–1138. doi:10.1002/pssb.200642005.
[5] S. Pipolo, S. Corni, R. Cammi, The cavity electromagnetic field within
the polarizable continuum model of solvation: An application to the real-
time time dependent density functional theory, Computational and The-
oretical Chemistry 1040-1041 (2014) 112–119. doi:10.1016/j.comptc.
2014.02.035.
URL http://dx.doi.org/10.1016/j.comptc.2014.02.035
[6] C. D. Pemmaraju, F. D. Vila, J. J. Kas, S. A. Sato, J. J. Rehr, K. Ya-
bana, D. Prendergast, Velocity-gauge real-time TDDFT within a nu-
merical atomic orbital basis set, Computer Physics Communications 226
(2018) 30–38. arXiv:1710.08573, doi:10.1016/j.cpc.2018.01.013.
[7] C. Lian, M. Guan, S. Hu, J. Zhang, S. Meng, Photoexcitation in Solids:
First-Principles Quantum Simulations by Real-Time TDDFT, Advanced
Theory and Simulations 1 (8) (2018) 1800055. doi:10.1002/adts.
201800055.
URL http://doi.wiley.com/10.1002/adts.201800055
[8] S. Tussupbayev, N. Govind, K. Lopata, C. J. Cramer, Comparison of
real-time and linear-response time-dependent density functional theo-
ries for molecular chromophores ranging from sparse to high densi-
ties of states, Journal of Chemical Theory and Computation 11 (3)
27
(2015) 1102–1109, pMID: 26579760. arXiv:https://doi.org/10.
1021/ct500763y, doi:10.1021/ct500763y.
URL https://doi.org/10.1021/ct500763y
[9] R. Sánchez-de Armas, J. Oviedo López, M. A. San-Miguel, J. F. Sanz,
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[54] J. Linderberg, Y. Öhrn, Propagators in Quantum Chemistry, John Wi-
ley & Sons, 2004.
34
[55] J. Olsen, P. Jørgensen, Linear and nonlinear response functions for an
exact state and for an mcscf state, The Journal of Chemical Physics
82 (7) (1985) 3235–3264. arXiv:https://doi.org/10.1063/1.448223,
doi:10.1063/1.448223.
URL https://doi.org/10.1063/1.448223
[56] J. Jensen, A. R. Mackintosh, Rare Earth Magnetism: Structures and
Excitations, Clarendon Press, Oxford, 1991.
[57] R. Kubo, Statistical-Mechanical Theory of Irreversible Processes. I., J.
Phys. Soc. Jpn. 12 (6) (1957) 570–586. doi:https://doi.org/10.
1143/JPSJ.12.570.
[58] M. E. Casida, Time-Dependent Density Functional Response Theory for
Molecules, Vol. 1, World Scientific, 1995.
[59] R. M. Sternheimer, Electronic polarizabilities of ions from the hartree-
fock wave functions, Phys. Rev. 96 (1954) 951–968. doi:10.1103/
PhysRev.96.951.
URL https://link.aps.org/doi/10.1103/PhysRev.96.951
[60] P. Jørgensen, J. Oddershede, N. H. Beebe, Polarization propagator cal-
culations of frequency-dependent polarizabilities, Verdet constants, and
energy weighted sum rules, The Journal of Chemical Physics 68 (6)
(1978) 2527–2532. doi:10.1063/1.436111.
[61] T. Helgaker, K. Ruud, K. L. Bak, P. Jørgensen, J. Olsen, Vibrational
Raman optical activity calculations using London atomic orbitals, Fara-
day Discussions 99 (1994) 165–180. doi:10.1039/FD9949900165.
[62] K. Yabana, G. F. Bertsch, Application of the time-dependent local den-
sity approximation to optical activity, Physical Review A 60 (2) (1999)
1271–1279. arXiv:9812019, doi:10.1103/PhysRevA.60.1271.
URL http://link.aps.org/doi/10.1103/PhysRevA.60.1271
[63] S. Mukamel, Principles of Nonlinear Optical Spectroscopy, Oxford Uni-
versity Press, Oxford, 1999.
[64] F. Furche, On the density matrix based approach to time-dependent
density functional response theory, Journal of Chemical Physics 114 (14)
(2001) 5982–5992. doi:10.1063/1.1353585.
35
[65] K.-H. Yang, Gauge transformations and quantum mechanics i. gauge in-
variant interpretation of quantum mechanics, Annals of Physics 101 (1)
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